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Abstract
We present an elementary physical space argument to establish local integrated decay estimates for
the perturbed wave equation gφ = ǫβ
a∂aφ on the exterior of the Schwarzschild geometry (M, g). Here
β is a regular vectorfield on M decaying suitably in space but not necessarily in time. The proof is
formulated to cover also perturbations of the Regge–Wheeler equation.
1 Introduction
In the past 15 years a rather satisfactory and complete picture of the global behaviour of solutions to the
linear wave equation, gφ = 0, on black hole backgrounds has emerged. The results range from decay
results in the exterior Schwarzschild and Kerr geometries [14, 12, 25, 1, 11, 5, 6, 4] to the understanding of
precise asymptotics [3, 2, 17] to the analysis of the wave equation on non-stationary spacetimes eventually
converging to Schwarzschild or Kerr [21, 18, 19].
Given the wealth of results one may ask the following general question: Which statements continue
to hold when a small first order non-decaying (in time) perturbation is added to the equation? More
specifically, given the equation
gφ = ǫβ
a∂aφ , (1)
where (M, g) is a black hole spacetime and β is a regular vectorfield on M (obeying suitable spatial
asymptotics), what can we say about the global behaviour of φ on (M, g)?
In this short note, we shall restrict ourselves to (M, g) being the Schwarzschild spacetime and provide
an elementary, purely physical space argument to establish a non-degenerate integrated decay estimate
for solutions to (1), see Theorem 4.1. The method generalises to the case of the Kerr spacetime, suitably
applied to the frequency decomposed parts of the solution. Nevertheless, in order to not distract from the
elementary nature of the argument, we will provide the details as well as further geometric considerations
in a separate paper.
To appreciate the difficulty in establishing integrated local energy decay (ILED) estimates for (1) in
the black hole setting, we first observe that if g is the Minkowski metric in (1), then we have, under
appropriate pointwise assumptions on β, the well-know estimates∫
Σt
d3x|Dφ|2 .
∫
Σ0
d3x|Dφ|2 + ǫ
∫ t
0
dτ
∫
Στ
d3x
1
1 + |x|2
|Dφ|2 energy estimate, (2)
∫ t
0
dτ
∫
Στ
d3x
1
1 + |x|2
|Dφ|2 .
∫
Σ0
d3x|Dφ|2 + ǫ
∫ t
0
dτ
∫
Στ
d3x
1
1 + |x|2
|Dφ|2 ILED, (3)
which can be immediately coupled to produce an ILED for φ in terms of the initial energy. In the above,
Σt denotes a hypersurface of constant t and |Dφ|
2 = (∂tφ)
2 + |∇φ|2 the standard energy density.
In sharp contrast, already in the Schwarzschild case, even for the free wave equation we can – at the
level of first derivatives – only bound a degenerate (near r = 3M) spacetime integral in terms of the
1
initial energy [24].1 This analytic fact originates in the well-known geometric phenomenon of trapped
null geodesics, which in the Schwarzschild geometry concentrate on the timelike hypersurface r = 3M .
As a consequence, because in the perturbed problem (1) the ǫ-term in (3) will still be non-degenerate
(unless β is assumed to degenerate at r = 3M) we cannot absorb the error on the left and the estimates
do not close. Note also that commuting by the symmetries of Schwarzschild and trying to close the
estimates at higher orders does not improve the situation. In other words, one cannot treat the error
perturbatively using the standard techniques.
The resolution, in a nutshell, is to commute (1) by a suitable vectorfieldW (defined in (5) below) such
that one can control, up to lower order errors, non-degenerately the spacetime integral involving all first
derivatives of Wφ. The lower order errors can then in turn be controlled by the degenerate spacetime
integral for first derivatives plus a small amount of the non-degenerate spacetime integral involving all
first derivatives of Wψ. Hence at this level, the estimates close.
On a more abstract level, the fact that one can prove decay estimates for the perturbed equation (1) is
related to the normally hyperbolic (unstable) structure of trapping in Schwarzschild and Kerr spacetimes
together with the observation that first order perturbations do not change the geodesic flow associated
with the wave operator. See [27, 15] for some general results on semi-classical resolvent estimates for the
wave operator in the presence of normally hyperbolic trapping including first order perturbations [16].
We shall postpone further comments about the relation of (1) with the stability of black holes to
Section 6 after having introduced some notation.
2 Preliminaries
Fix M > 0. We recall the Schwarzschild metric written in regular coordinates (t, r, θ, φ) as
g = −
(
1−
2M
r
)
dt2 +
4M
r
dtdr +
(
1 +
2M
r
)
dr2 + r2
(
dθ2 + sin2 θdϕ2
)
, (4)
defined on the (exterior) manifold M = (−∞,∞)× [2M,∞)× S2. Its boundary H+ = (−∞,∞)×{r =
2M} × S2 is a null hypersurface, the event horizon. Slices of constant t = τ in M are spacelike and
denoted Στ . We also define for τ1 < τ2 the spacetime region M(τ1, τ2) = (τ1, τ2)× [2M,∞)× S
2.
Note the vectorfield T = ∂t is Killing for g and null on H
+. We introduce the vectorfield2 R⋆ =
2M
r
∂t + (1−
2M
r
)∂r and the vectorfield
W :=
r√
1− 2M
r
(R⋆ + f(r)T ) with f(r) =
(
1−
3M
r
)√
1 +
6M
r
, (5)
whose relevance will become clear below. Note already that the vectorfield
(
1− 2M
r
)
−
1
2 W extends
regularly to the horizon and that f = 1 +O(r−2) near infinity.
It will be convenient to reformulate (1). We define for s = 0, 1, 2 the operator
Psψ :=
(
1 +
2M
r
)
∂2tψ −
4M
r
∂t∂rψ +
2M
r2
∂tψ − ∂r
((
1−
2M
r
)
∂rψ
)
−
∆S2ψ
r2
+ (1− s2)
2M
r3
ψ , (6)
where ∆S2 denotes the Laplacian on the unit sphere. Note that if φ satisfies (1), then ψ = φ ·r will satisfy
P0ψ = ǫ
(
βa∂aψ −
β(r)
r
ψ
)
. We have introduced the parameter s since the operator Ps is closely related
to the Regge-Wheeler operator3 of spin s and our results will equally apply to perturbed Regge-Wheeler
equations, which are important in applications.
Let β be a smooth vectorfield on M. We denote by /β its projection to the tangent space of the
spheres of symmetry (constant t and r). We assume β to satisfy on all of M the uniform bound
r2|βt|+ r2|βr|+ r
3
2
√
/gAB /β
A/βB + r
3
2 |W (βt)|+ r
3
2 |W (βr)|+ r
√
/gABW (/β
A)W (/βB) ≤ C , (7)
1See the energy Ideg [φ] (τ1, τ2) defined in Section 3 for the energy that can be controlled by the initial energy.
2The notation is reminiscent of the fact that in the irregular tortoise coordinates (t, r⋆, θ, φ), we have R⋆ = ∂r⋆ .
3 This is perhaps more manifest by expressing the operator in the irregular tortoise coordinates (t, r⋆, θ, φ) where one has
(1 − 2M
r
)Psψ = ∂2t ψ − (∂r⋆ )
2ψ −
1− 2M
r
r2
∆S2ψ + (1 − s
2) 2M
r3
(
1− 2M
r
)
ψ. In the actual (angular separated) Regge-Wheeler
equation it is ℓ(ℓ + 1) with ℓ ≥ |s| which appears in place of ∆S2 . We achieve the same effect by restricting the data in (8)
appropriately for s = 1, 2.
2
where /g denotes the (round) metric induced on the spheres of symmetry.
We can finally set up the Cauchy problem we would like to study. We fix the spacelike hypersurface
Σ0 and consider
Psψ = ǫβ
a∂aψ , ψ
∣∣∣
Σ0
= ψ0 , nΣ0ψ
∣∣∣
Σ0
= ψ1 , (8)
where for simplicity ψ0 and ψ1 are assumed to be smooth functions of compact support on Σ0 and
• in case s = 1 we assume ψ0, ψ1 to have vanishing spherical mean,
• in case s = 2 we assume ψ0, ψ1 to have vanishing projection to the ℓ = 0, 1 spherical harmonics.
The additional assumptions for s = 1, 2 are justified by the physical origin of these equations (footnote
3). They imply that the energy associated with the vectorfield T is always coercive. Note we have
deliberately dropped the zeroth order term on the right hand side of (8) that arose in the derivation from
(1) as it provides no difficulty in the analysis and can be easily carried through if desired.
3 Energies
We define the following energies for ψ, where we write short hand
∫
Στ
for
∫
Στ
dr sin θdθdφ.
E[ψ](τ ) :=
∫
Στ
(∂tψ)
2 +
(
1−
2M
r
)
(∂rψ)
2 + | /∇ψ|2 +
ψ2
r2
,
Ideg [ψ](τ1, τ2) :=
∫ τ2
τ1
dτ
∫
Στ
(
1−
3M
r
)2(
1
r2
(∂tψ)
2 +
1− 2M
r
r2
(∂rψ)
2 +
1
r
| /∇ψ|2
)
+
1
r2
|R⋆ψ|2 +
ψ2
r3
,
Indeg [ψ](τ1, τ2) :=
∫ τ2
τ1
dτ
∫
Στ
1
r2
(∂tψ)
2 +
1− 2M
r
r2
(∂rψ)
2 +
1
r
| /∇ψ|2 +
ψ2
r3
.
Note that for the above energies, the transversal derivative ∂r degenerates near the horizon. We also
define the non-degenerate energies
E[ψ](τ ) :=
∫
Στ
(∂tψ)
2 + (∂rψ)
2 + | /∇ψ|2 +
ψ2
r2
,
Ideg[ψ](τ1, τ2) :=
∫ τ2
τ1
dτ
∫
Στ
(
1−
3M
r
)2 (
1
r2
(∂tψ)
2 +
1
r2
(∂rψ)
2 +
1
r
| /∇ψ|2
)
+
1
r2
|R⋆ψ|2 +
ψ2
r3
,
Indeg [ψ](τ1, τ2) :=
∫ τ2
τ1
dτ
∫
Στ
1
r2
(∂tψ)
2 +
1
r2
(∂rψ)
2 +
1
r
| /∇ψ|2 +
ψ2
r3
.
Throughout this paper we use the notation X . Y to denote that X ≤ C˜Y holds with a constant C˜
depending only on M and the constant C in (7).
4 Main Theorem
Theorem 4.1. Consider the Cauchy problem (8) with the vectorfield β satisfying (7) on M. Then there
exists ǫ0 > 0 small (depending only on M and C in (7)) such that for any 0 ≤ ǫ ≤ ǫ0 all smooth solutions
to (8) satisfy for all τ > 0 the estimate
E[ψ](τ ) + E[Wψ](τ ) + Indeg [ψ](0, τ ) + Indeg [Wψ](0, τ ) . E[ψ](0) + E[Wψ](0) . (9)
We abstain from proving or even stating higher order estimates as these follow by now well-established
techniques [13]. In particular, we easily obtain the following loosely stated corollary [10]:
Corollary 4.1. Under the assumptions of the previous theorem and assuming in addition the boundedness
of higher order weighted energies initially, solutions to (8) decay inverse polynomially in time on M.
We finally remark that for (8), unlike for the free wave equation, uniform boundedness of the energy
without loss of derivatives or degeneration at 3M (i.e. the estimate E[ψ](τ ) . E[ψ](0)) cannot hold in
general. This follows directly from Theorem 3.D.2 of [23].
3
5 Proof of the main theorem
We first note the following non-degenerate (at the horizon) energy boundedness and degenerate (at
r = 3M) integrated local energy decay estimate for ψ itself, which are by now very standard [13, 9]:
E[ψ](τ ) . E[ψ](0) + ǫ · Indeg [ψ](0, τ ) , (10)
Ideg[ψ](0, τ ) . E[ψ](0) + ǫ · Indeg [ψ](0, τ ) . (11)
The estimates (10) and (11) arise from applying to (8) a multiplier of the form f1∂tψ + f2∂rψ +
1
r
f3ψ
with suitably chosen bounded radial functions f1, f2, f3 and integrating over M(0, τ ) with the measure
dtdr sin θdθdφ. Hence the ǫ-term appearing on the right hand side of (10), (11) is easily derived using
(7).
The second and main step is to commute (8) by the vectorfield W defined in (5). A lengthy but
entirely straightforward computation yields
Ps(Wψ) = −
2
r
1√
1 + 6M
r
1
1− 2M
r
T (Wψ) + F1 + F2 (12)
with
F1 = ǫ
1
r2
W
[
r2 (βa∂aψ)
]
, F2 =
(
1−
2M
r
)
−1/2
(h2∂rψ + h2∂tψ + h3ψ) (13)
and where the hb denote (explicit) bounded functions of r, hb : [2M,∞)→ R which satisfy the asymptotic
behaviour sup[2M,∞) |r
bhb| ≤ Cˆ with Cˆ depending only on M .
4 Note that while the right hand side of
(12) appears singular near the horizon, there are cancellations between the first term and F2 which make
it regular. However, we will not need to exploit these cancellations to close the estimates.
Multiplying now (12) by TWψ and integrating over the region M(0, τ ) we easily deduce (after ap-
plying Cauchy Schwarz on the right using again (7) for the terms involving β)
E[Wψ](τ ) +
∫ τ
0
dτ˜
∫
Στ˜
1
r
1
1− 2M
r
(∂tWψ)
2
. E[Wψ](0) + Indeg [ψ](0, τ ) + ǫ · Indeg [Wψ](0, τ ) . (14)
Note the favourable non-degenerate spacetime term that is being produced. This term has optimal
weights near the horizon (and hence a version of the redshift is implicit in the commutation with W )
and strong r-weights near infinity capturing that W is asymptotically tangent to the outgoing null cones,
W ∼ r√
1− 2M
r
(T +R⋆) +O(r−1)∂t.
By a Lagrangian estimate (multiplying (12) by 1
r
Wψ and integrating over M(0, τ )) we have
Indeg [Wψ](0, τ ) .
∫ τ
0
dτ˜
∫
Στ˜
1
r
1
1− 2M
r
(∂tWψ)
2 + Indeg [ψ](0, τ )
+ E[Wψ](τ ) + E[Wψ](0) + E[ψ](τ ) + E[ψ](0) . (15)
To obtain (15) note in particular the bounds∫
Στ
|Wψ|2
1− 2M
r
1
r2
. E[ψ](τ ) and
∫ τ
0
dτ˜
∫
Στ˜
|Wψ|2
1− 2M
r
1
r3
. Indeg [ψ](0, τ ) .
Combining (14) and (15) and (10) we deduce
E[Wψ](τ ) + Indeg [Wψ](0, τ ) . E[Wψ](0) + E[ψ](0) + Indeg [ψ](0, τ ) . (16)
The estimates will now close from the following elementary estimate, valid for any δ > 0
Indeg [ψ](0, τ ) .
1
δ
Ideg [ψ](0, τ ) + δ · Indeg [Wψ](0, τ ) + E[ψ](τ ) + E[ψ](0) . (17)
Indeed, inserting (16) and (11) into (17) and choosing δ sufficiently small depending only on M and C
in (7) we obtain (9). We finally indicate how to prove (17). We let χ : [2M,∞)→ R be a radial cut-off
4Note the same symbol hb may represent different explicit functions in different places.
4
function equal to 1 in
[
11
4
M, 13
4
M
]
and equal to zero outside
(
5
2
M, 7
2
M
)
. Clearly, to prove (17) it suffices
to bound the expression
∫ τ
0
dτ˜
∫
Στ˜
χ2
(
(∂tψ)
2 + (∂rψ)
2 + | /∇ψ|2
) [
∂r +
2M + f(r)
1− 2M
r
∂t
]
(r − 3M) (18)
by the right hand side of (17). This in turn follows after integrating the square bracket (which is
proportional to W ) by parts and applying Cauchy’s inequality with δ to the resulting spacetime terms.
6 Final Comments
We finally comment on the relation of (1) with the stability problem for black holes. We recall that for
perturbations of the Kerr family the so-called Teukolsky equation [26] governs the evolution of certain null
curvature components in linearised theory. The Teukolsky equation can be viewed as a wave equation
of the type (1) with large first order terms preventing both the existence of a conserved energy and
an ILED. Now, as crucially employed in the recent works [9, 8, 20, 22], by suitable commutation(s),
these first order terms can be entirely removed, the commuted quantities satisfying Regge-Wheeler-type
equations for which a conserved energy and an ILED does exist.5 To illustrate the above, while keeping
the discussion in line with the elementary case treated in this paper, we consider the Teukolsky equation
for s = 1, governing electromagnetic perturbations on Schwarzschild:[
TT −R⋆R⋆ +
1− 2M
r
r2
(∆(1) + 1)
]
α+
2
r
(
1−
3M
r
)
(T −R⋆)α = 0 . (19)
Here α is a spin-weighted function on M and ∆(1) denotes the spin-1-weighted Laplacian, see [8]. The
latter has eigenvalues ℓ(ℓ+1)− 1 with ℓ ≥ 1, hence the square bracket should be viewed as the operator
(1− 2M
r
)Ps introduced in (6), see footnote 3. Commuting (19) with the vectorfield Z =
r2
1− 2M
r
(T −R⋆)
results in the following Regge-Wheeler type equation for Zα:[
TT −R⋆R⋆ +
1− 2M
r
r2
(∆(1) + 1)
]
Zα = 0 . (20)
Therefore, commuting with Z has entirely removed the large degenerate (at r = 3M) first order term in
(19), and done so remarkably without producing any additional lower order derivatives of α.
In contrast with this, the vectorfield W = r
(
1− 2M
r
)
−1/2
(R⋆ − f(r)T ) introduced in (5) generates
upon commutation with the operator Ps a favourable
6 non-degenerate first order term on the right hand
side (12), however, at the cost of introducing first order error-terms in α.
We conclude that even if the vectorfieldW cannot replace the transformation theory described above,
it does provide a more robust perspective on it. For instance, when generalising to Kerr, the analogue
of Z which ensures complete absence of first order terms in the transformed equation will (in Boyer-
Lindquist coordinates) be of the form (r
2+a2)2
r2−2Mr+a2
(∂t − ∂r⋆ +
a
r2+a2
∂φ), see [8]. Now while not admitting
the same amount of cancellations, using instead say, r
4
r2−2Mr+a2
(∂t− ∂r⋆ +
a
r2+a2
∂φ), will (at least in the
case of small angular momentum) also result in a set of equations for which decay can be proven using
the techniques introduced in this paper.
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